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Abstract
In this paper we give degree sequence conditions for the equality of edge-connectivity and
minimum degree of a graph with given clique number. c© 2000 Elsevier Science B.V. All rights
reserved.
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Sucient conditions for the equality of the edge-connectivity and the minimum de-
gree of a graph were given by several authors. A classical result is the following
condition for maximally edge-connected graphs due to Chartrand [2]. Here and in the
sequel a graph has no loops or multiple edges.
Theorem 1 (Chartrand [2]). Let G be a graph of order n with minimum degree  and
edge-connectivity . If
>
jn
2
k
;
then = .
Theorem 1 was the starting point for many other sucient conditions for  = .
Lesniak [9] weakened the condition >bn=2c to deg(u) + deg(v)>n for all pairs of
nonadjacent vertices u and v in G. Plesnk [10] showed that every graph of diameter 2
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satises =  and thus, generalized Lesniak's result. Improvements of Plesnk's result
can be found in Plesnk and Znam [11] and Dankelmann and Volkmann [4] (see also
the textbook of Volkmann [15, p. 318 ]). Goldsmith and White [8] proved that it
is sucient to have bn=2c disjoint pairs of vertices ui; vi with deg(ui) + deg(vi)>n.
Bollobas [1] gave a degree sequence condition that includes the condition of Goldsmith
and White for odd n. Xu [16] gave an analogue for directed graphs to the result by
Goldsmith and White. Dankelmann and Volkmann [5] generalized Bollobas' and Xu's
results and gave analogous degree conditions for bipartite graphs. Further conditions
for =, depending on parameters not directly related to the vertex degrees (e.g. girth
and diameter) are given in [6].
If the graph contains no complete subgraph of order p + 1, denoted by Kp+1, the
above conditions can be weakened. Dankelmann and Volkmann [4] gave the following
result, which was rst proved by Volkmann [13,14] for p-partite graphs.
Theorem 2 (Dankelmann and Volkmann [4]). Let G be a graph of order n with
minimum degree  and edge-connectivity . If G contains no Kp+1 and
n62

p
p− 1

− 1;
then = .
In this paper we will generalize this condition. More precisely, we will give degree
sequence conditions for graphs with given clique number that guarantee = .
We use the following notation. The order and size of a graph G are denoted by
n(G) and m(G), respectively. Where no confusion can arise we write n and m. The
minimum degree, edge-connectivity and clique number are denoted by ,  and p. For
two subsets A and B of the vertex set V (G), (A; B) denotes the set of all edges joining
a vertex of A with a vertex of B. For notions not dened here we refer to [3] or [15].
The following lemma was proved e.g. in [4,11]. We give the proof for completeness.
Lemma 1. Let G be a graph. If there exist two disjoint; nonempty sets X; Y V (G)
with X [ Y = V (G) and j(X; Y )j<; then jX j>+ 1 and jY j>+ 1.
Proof. We rst show that the sets X and Y contain at least +1 vertices, and therefore
6bn=2c − 1.
Suppose X contains at most  vertices. Then we obtain the contradiction
jX j6
X
x2X
deg(x)6jX j(jX j − 1) + j(X; Y )j6(jX j − 1) + j(X; Y )j:
Similarly one can show that jY j>+ 1.
If G contains no complete subgraph of order p + 1, we obtain another estimate,
which implies Lemma 1 if >p− 1.
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Lemma 2. Let G be a graph with no complete subgraph of order p+1. If there exist
two disjoint; nonempty sets X; Y V (G) with X [ Y = V (G) and j(X; Y )j<; then
jX j>


p
p− 1

:
Proof. It is easy to see that the lemma holds for =1, so we can assume that >2. Let
G[X ] be the subgraph of G induced by X . Since G[X ] contains no complete subgraph
of order p+ 1, by Turan's Theorem [12] we have
2m(G[X ])6
p− 1
p
jX j2
and thus, with x = jX j,
− 1>j(X; Y )j=
X
v2X
deg(v)− 2m(G[X ])>x − p− 1
p
x2:
Hence
p− 1
p
x2 − x + − 1>0:
The roots of the corresponding quadratic equation are
x1 =
p
2(p− 1) +
s
p
2(p− 1)
2
− p(− 1)
p− 1
and
x2 =
p
2(p− 1) −
s
p
2(p− 1)
2
− p(− 1)
p− 1 :
Since x2<+ 1, by Lemma 1 we have x>x1 and thus,
x>
p
2(p− 1) +
s
p
2(p− 1)
2
− p(− 1)
p− 1
>
p
2(p− 1) +
s
p
2(p− 1)
2
− p
p− 1 + 1
= 
p
p− 1 − 1:
Hence jX j>p=(p− 1)− 1, or equivalently
jX j>


p
p− 1

:
The following theorem generalizes Theorem 2.
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Theorem 3. Let G be a graph of order n with no complete subgraph of order
p+1 and with degree sequence d1>d2>   >dn = . If n62bp=(p− 1)c − 1 or if
n>2bp=(p− 1)c>2p and
kX
i=1
di +
(2p−1)kX
i=1
dn+1−i>k(p− 1)n+ 2− 1
for some k with 16k6b=(p− 1)c; then = .
Proof. Suppose to the contrary that <. Then there exist two disjoint sets X; Y 
V (G) with X [ Y = V (G) and j(X; Y )j<. By Lemma 2 we have n = jX j + jY j>
2bp=(p− 1)c. Let G0=G[X ] and G00=G[Y ] and let d01>d02>   >d0x and d001>d002>
  >d00y be the degree sequences of G0 and G00, respectively.
Choose a vertex v1 2 X of maximum degree in G0 and a p-set C01X that contains
v1 and a maximal clique with v1 in G0. Inductively dene C0i X −
Si−1
j=1 C
0
j as a p-set
containing a vertex vi 2 X −
Si−1
j=1 C
0
j of maximum degree in G
0 and a maximal clique
with vi 2 G0. By Lemma 2 we have jX j>bp=(p− 1)c. Therefore, in every case
it is possible to nd in X at least J = b(1=p)bp=(p− 1)cc = b(1=p)p=(p− 1)c =
b=(p− 1)c such pairwise disjoint subsets C 0j with exactly p vertices. Consequently,
C0j is dened for j = 1; 2; : : : ; J .
For an arbitrary i with 16i6k6b=(p− 1)c= J , it follows from the denition of
C0t that no vertex of X − (C01 [C02 [    [C0i ) is adjacent to every vertex of C0i and no
vertex of C0i is adjacent to every vertex of C
0
j for each j with 16j6i− 1. Hence, we
obtain
kX
j=1
X
v2C′j
degG′(v) =
kX
j=1
2m(G[C0j]) +
kX
i=2
i−1X
j=1
j(C0i ; C0j)j+
kX
i=1

0
@C0i ; X − i[
j=1
C0j
1
A

6 2k
p
2

+
kX
i=2
(i − 1)p(p− 1) +
kX
i=1
(p− 1)(jX j − pi)
= k(p− 1)jX j:
Since
Sk
j=1 C
0
j contains the k vertices of highest degree in G
0 we deduce that
kX
i=1
d0i +
(p−1)kX
i=1
d0x+1−i6
kX
i=1
X
v2C′i
degG′(v)6k(p− 1)jX j:
Similarly, we have
kX
i=1
d00i +
(p−1)kX
i=1
d00y+1−i6k(p− 1)jY j:
Now, the degree sequence of G is obtained from the degree sequences of G0 and G00
by merging and then increasing some of the degrees, where the total increase equals
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262− 2. Hence,
kX
i=1
di +
(2p−1)kX
i=1
dn+1−i6
kX
i=1
(d0i + d
00
i ) +
(p−1)kX
i=1
(d0x+1−i + d
00
y+1−i) + 2− 2
6 k(p− 1)(jX j+ jY j) + 2− 2
= k(p− 1)n+ 2− 2;
a contradiction to the hypothesis.
Remark. The above theorem is best possible in the sense that the condition
kX
i=1
di +
(2p−1)kX
i=1
dn+1−i>k(p− 1)n+ 2− 2
on the degrees does not guarantee = .
Let  be a multiple of p − 1. Consider the graph G obtained from two disjoint
copies G0 and G00 of the complete p-partite Turan graph with =(p − 1) vertices in
each partition set by adding −1 edges between G0 and G00 such that no Kp+1 occurs.
G has order n= 2p=(p− 1). Choose k = =(p− 1). Then
kX
i=1
di +
(2p−1)kX
i=1
dn+1−i = (k+ 2− 2) + (2p− 1)k
= k(p− 1)n+ 2− 2;
but obviously (G) = − 1.
Corollary 1. Let G be a triangle-free graph of order n with degree sequence
d1>d2>   >dn =  and edge-connectivity . If >b(n + 1)=4c or if 6bn=4c
and
kX
i=1
di +
3kX
i=1
dn+1−i>k n+ 2− 1
for some k with 16k6; then = .
Remark. Corollary 1 is closely related to a result in [5] for bipartite graphs. It states
that if >b(n+ 1)=4c or if 6bn=4c and
kX
i=1
di +
3kX
i=1
dn+1−+k−i>kn+ 2− 1
for some k with 16k6, then = .
We now present a degree sequence condition which takes only the lower end of the
degree sequence into account.
222 P. Dankelmann, L. Volkmann /Discrete Mathematics 211 (2000) 217{223
Theorem 4. Let G be a graph of order n with no complete subgraph of order
p+1 and with degree sequence d1>d2>   >dn= . If n62bp=(p− 1)c− 1 or if
n>2bp=(p− 1)c>2p and
2pkX
i=1
dn+1−i>k(p− 1)n+ 2
6664k(− 1)j

p−1
k
7775+ 1;
for some k with 16k6b=(p− 1)c; then = .
Proof. Suppose to the contrary that <. Let X; Y; G0; G00; J be as in the proof of
Theorem 3.
Choose a p-set C01X containing a maximal clique in G0. Inductively dene
C0i X−
Si−1
j=1 C
0
j as a p-set containing a maximal clique in G
0. Now, let C0r1 ; C
0
r2 ; : : : ; C
0
rk
be the k sets C0i with the smallest number of edges to Y such that r16r26   6rk .
As in the proof of Theorem 3, we have for k6J
kX
j=1
X
v2C′rj
degG′(v)6k(p− 1)jX j: (1)
There are at most j(X; Y )j6 − 1 edges from SJj=1 C0j to Y . Hence for k6J , the k
sets C0rj have in total at most b(k=J )j(X; Y )jc edges joining them to Y . Therefore, by
the choice of the C0rj
kX
j=1
j(C0rj ; Y )j6

k
J
j(X; Y )j

6
6664k(− 1)j

p−1
k
7775: (2)
Adding in Eqs. (1) and (2) yields
kX
i=1
X
v2C′ri
degG(v)6k(p− 1)jX j+
6664k(− 1)j

p−1
k
7775:
If we dene C00i Y and C00tj for 16j6k in an analogous manner, we obtain
kX
i=1
X
v2C′′ti
degG(v)6k(p− 1)jY j+
6664k(− 1)j

p−1
k
7775:
Adding both inequalities leads to
2pkX
i=1
dn+1−i6
kX
i=1
X
v2C′ri[C′′ti
degG(v)6k(p− 1)n+ 2
6664k(− 1)j

p−1
k
7775 ;
a contradication to the hypothesis.
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Remark. The example given in the remark after Theorem 3 shows that the condition
in Theorem 4 cannot be weakened to
2pkX
i=1
dn+1−i>k(p− 1)n+ 2
6664k(− 1)j

p−1
k
7775 :
Corollary 2 (Dankelmann and Volkmann [5]). Let G be a bipartite graph of order n
with degree sequence d1>d2>   >dn= and edge-connectivity . If >b(n+1)=4c
or if 6bn=4c and
4kX
i=1
dn+1−i>k(n+ 2)− 1
for some k with 16k6 then = .
For further reading
The following reference is also of interest to the reader: [7].
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